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We describe and analyze the operation and stabilization of a Mach–Zehnder interferometer, which separates
the carrier and the first-order sidebands of a phase-modulated laser field, and which is locked using the
Hänsch–Couillaud method. In addition to the necessary attenuation, our interferometer introduces, via total
internal reflection, a significant polarization-dependent phase delay. We employ a general treatment to describe an interferometer with an object that affects the field along one path, and we examine how this phase
delay affects the error signal. We discuss the requirements necessary to ensure the lock point remains unchanged when phase modulation is introduced, and we demonstrate and characterize this locking experimentally. Finally, we suggest an extension to this locking strategy using heterodyne detection. © 2010 Optical Society of America
OCIS codes: 070.2615, 120.5060.

1. INTRODUCTION
For many experiments and laser-locking schemes it is
necessary to create light which is phase-coherent with
and frequency shifted relative to a master laser oscillator.
Common approaches include acousto-optical modulation
[1], electro-optical modulation [2], and current modulation of the laser [3–5]. The latter two of these approaches
give, typically, a phase-modulated spectrum.
It is often useful to separate the frequency components
of such a spectrum, and there are several devices which
can perform this task [6,7]. We describe one of these—a
Mach–Zehnder interferometer—and a locking-scheme
based on the method of Hänsch and Couillaud [8]; we include a description of a relative phase delay between the
linear polarization components, which is expected for
many real devices, and we take care to ensure the lock
point does not change when phase modulation is introduced. This property is essential in our application, where
we use a sideband from an electro-optically modulated laser field to drive Raman transitions between hyperfine
states in cold alkali–earth atoms (similar to [9]), and in
which we change the modulation frequency and depth
during the experiment. For related uses see [10,11]. We
will provide a simple and general analysis, and a demonstration of a robust embodiment in a realistic experimental setting.

2. THEORETICAL FRAMEWORK
ជ 0 incident on an interferometer, as
Consider a light field E
depicted in Fig. 1. One path passes unperturbed to the
output beam-splitter, while the second path is subject to a
phase delay , and passes through an object, described by
Ô, before recombining with the first path. The output field
is hence
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ជ 0兲;
E
2

共1兲

the minus sign is a consequence of the phase change under reflection.
We pass this field through a quarter-wave plate (with
fast-axis at 45° to the vertical) and analyze the resulting
electric field:
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in the standard Jones matrix representation [12]. We define the error signal S as the difference between the linជ S, and the transear polarization components of the field E
ជ T:
mission T as the horizontal component of the field E

ជ S · x̂兩2 − 兩E
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ជ T · x̂兩2 .
S = 兩E
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We have discarded the vertical polarization from the output, which reduces the power but means it is possible to
achieve complete extinction.
By choosing the incident field and the internal object,
this framework can be used to describe a variety of locking schemes. The original Hänsch–Couillaud scheme, although here phrased in terms of interferometers rather
than a cavity, corresponds to horizontally polarized light
and a rotated linear polarizer [8].
We now apply this framework to describe an internal
object which attenuates and also delays one polarization.
© 2010 Optical Society of America
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Fig. 1. (Color online) Prototype interferometer showing incident
ជ 0, beam-splitters, output fields E
ជ T and E
ជ S (the latter after
field E
a quarter-wave plate  / 4) and an internal object which affects
the field which follows the longer path.

ជ 0 and the object Ô
The linearly polarized incident field E
are described by the following:
ជ 0 = E0
E
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3. PHASE MODULATED LIGHT
ជ 共t兲 = E
ជ 0ei兰0共t⬘兲dt⬘ in
We may analyze a modulated field E
terms of its Fourier components. For the case of simple
phase modulation, where 兰0t 共t⬘兲dt⬘ = 0t + m cos ⍀t (0:
unmodulated frequency; ⍀: modulation frequency; m:
modulation depth), we expand using the Jacobi–Anger
identity, treat the sidebands as independent fields, and
sum their contributions to obtain the error signal
t
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We operate the device near the condition ⍀ = , which
separates the carrier from the first-order sidebands or,
more generally, ensures that odd and even numbered
sidebands exit from opposite ports of the interferometer.
Unless the signal crosses zero at the transmission minimum, the position where it does cross will shift when
phase modulation is introduced. Hence we must ensure
the signal is zero at the transmission extrema while
maintaining a non-zero gradient; this is satisfied for ␤
= 0 or ␣ = 1. To achieve this, we can compensate for any
differential phase shift ␤ in our device using a waveplate,
or we can introduce complete attenuation of the vertical
polarization using a linear polarizer. The overall signal
becomes
+⬁

where ␣ is the attenuation, ␤ is the phase delay, and  is
the angle by which the linearly polarized light is inclined
from vertical.
In the absence of attenuation, the two polarizations
will be subjected only to different delays, and the difference between the two displaced interference patterns
could be used as an error signal; here the field before the
quarter-wave plate would be used to derive S.
If the phase delay ␤ were zero, we would recover a rotated version of the Hänsch–Couillaud scheme. Also, if
the attenuation was total 共␣ = 1兲, any phase delay would
be inconsequential and we would again recover this original scheme.
In the intermediate case of partial attenuation 共␣ ⬍ 1兲
and non-zero phase delay 共␤ ⫽ 0兲, we find that the error
signal crosses zero at the maximum of transmission, but
has the non-zero value 21 共1 − ␣兲sin ␤ sin 2 at the transmission minimum. Its gradient about the extrema is
± 41 关1 − 共1 − ␣兲cos ␤兴sin 2. In this intermediate regime, the
introduction of phase modulation, as discussed in the next
section, affects the positions at which the error signal
crosses zero. As described later, we found that a phase delay was unavoidable in our device; therefore, in order to
recover the Hänsch–Couillaud scheme, we introduced total attenuation of the vertical polarization component.

SPM共0兲 =

1531
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where the subscript ‘PM’ indicates that phase modulation
is present;  =  / 0 is the optical path delay in our device,
Jn共m兲 is the nth-order Bessel function, and we have assumed that all frequency components interact in the same
way with the optical elements.
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Under these conditions, any change in phase modulation depth does not affect the positions where the error
signal crosses zero; the gradient changes, but for modulation depths m ⱗ 0.38 it maintains the same sign.

4. EXPERIMENTAL IMPLEMENTATION
A Mach–Zehnder interferometer was constructed from
readily available components, including two nonpolarizing BK7 beam-splitter cubes and a BK7 rightangled prism [13,14]. The cubes were glued using lowexpansion UV curing glue (Dymax: OP-67-LS), with care
taken to ensure their faces were parallel, and the pair
was mounted on a kinematic mount. The prism was glued
to a translation stage; a screw was available for coarse
path-difference adjustment, and a piezo-electric stack was
used for small adjustments and locking feedback. Incident light was spatially filtered and collimated (to ensure
the incident wavefronts were flat) and aligned into the device. Beam overlap was found visually and was then
maximized by scanning the path difference using the piezo and observing the contrast ratio of power exiting each
of the output ports.
In the absence of a relative phase delay between the polarizations, one could generate an error signal using the
slight polarization selectivity of reflections by the nominally polarization-insensitive beam-splitter cubes. However, we found that a significant relative phase delay of
␤ ⬇ 78° was introduced by the two total internal reflections inside our right-angled prism [12] and, to recover
the Hänsch–Couillaud method, it was necessary to introduce a linear polarizer to ensure complete attenuation of
the vertical polarization (i.e., ␣ = 1).
Figure 2 shows the interferometer transmission measured with and without the phase-modulated optical sidebands that we wish to separate. The modulation frequency is ⍀ = 2 ⫻ 2.725 GHz and the wavelength is 
= 780 nm; the device is operated near a path difference
c = c / ⍀ ⬇ 55 mm, which corresponds to the condition
⍀ = . The photodiodes sample different parts of the
beam cross-section and also have different responsivities.
It may be necessary to adjust the photodiode balance and
the offset, but as demonstrated by this unoptimized trace,
a real device operates approximately as predicted. From

1532

J. Opt. Soc. Am. B / Vol. 27, No. 8 / August 2010

Fig. 2. (Color online) Transmission T (black) and error signal S
(red) with (solid) and without (dashed) phase modulation of the
input light, as the path difference is scanned using a piezoelectric stack. The dashed vertical lines mark the positions
where the error signals coincide, and these are very close to S
= 0. They are, however, displaced from the transmission extrema,
but there is adequate scope for optimization for a given input
field.

the decrease in visibility and error signal, we estimate a
modulation depth of m ⬇ 0.2. This agrees with the more
direct measurement with a scanning Fabry–Pérot cavity,
as shown in Fig. 3. The imperfect behavior of the device is
accounted for partly by the unequal reflectivities of the
beam-splitter cubes, but a more significant problem is the
spatial overlap of the fields in this free-space device; we
would expect improved performance and more ideal be-
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Fig. 4. (Color online) Fast Fourier transform of the recorded
output when the system is locked (black) and unlocked (red). The
plot has been smoothed using a 10 mHz bandwidth movingaverage filter.

havior if the device was implemented using single-mode
optical fibers and fiber-based beam-splitters.
We constructed a feedback circuit with an integrated
high-voltage output, similar to that in [15], and recorded
the transmission with and without feedback; the Fourier
transforms of these are shown in Fig. 4. The bandwidth of
the circuit is ⬃100 Hz, and for low frequencies 共 ⬍ 10 Hz兲
the circuit reduces drift by several orders of magnitude.
The very slightly increased noise at high frequency is expected for a feedback circuit.

5. ALTERNATIVE: HETERODYNE
DETECTION
Another method by which we could ensure the error signal would remain unchanged when phase modulation was
introduced would be to mix the photodiode signals with a
frequency-shifted reference, derived from the unmodulated field, and extract electronically a signal correspond-

Fig. 3. (Color online) Phase-modulated spectra after filtering by
the Mach–Zehnder interferometer, showing maximum and minimum carrier transmission. The modulation frequency 共2.7 GHz兲
is larger than the free-spectral range of the scanning Fabry–
Pérot cavity 共2 GHz兲 used to obtain this trace, and so the sidebands appear at ±700 MHz for the lower and upper sidebands,
respectively; these are magnified in the insets. By comparing the
amplitudes, we estimate the modulation depth to be m ⬇ 0.2,
and by comparing with an unfiltered reference trace (obtained by
blocking one path of the interferometer), we see that, for the case
of minimized carrier transmission, the carrier is attenuated by
more than 20 dB while approximately 1 dB of sideband power is
lost. This trace was smoothed using a 5 MHz bandwidth movingaverage filter.

Fig. 5. (Color online) A proposed Hänsch–Couillaud scheme using heterodyne detection. An acousto-optical modulator (AOM)
extracts a reference before sideband modulation. Light passes
through the interferometer, composed of non-polarizing beamsplitter cubes and a right-angled prism, and is detected by photodiodes labeled (⫾). The reference light is incident on the detectors and the linear polarizers (solid black lines) are at 45°
relative to the beam-splitter cube. The two half-wave plates labeled  / 2 serve to introduce the small rotation necessary for the
Hänsch–Couillaud scheme before the Mach–Zehnder and to rotate the reference light by 45° so that equal power from this reference falls on the photodiodes after the polarizing beam-splitter
cube in the heterodyne detection setup.
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ing to the beat note of this reference mixed with the carrier. Furthermore, it would be possible to tune the
reference field frequency close to, and hence make the error signal depend upon, any chosen frequency component
in a complex, more powerful spectrum. Alternatively, with
a sufficiently fast photodiode, one may tune the detection
electronics to select a desired optical frequency component.
This reference field could be created by using an
acousto-optical modulator (AOM) to pick off a small fraction of the laser field before it passes through, for example, an electro-optical phase modulator; see Fig. 5. As
an example, consider an interferometer which separates
positive and negative first-order sidebands from a 3 GHz
phase-modulated field. Using a 100 MHz AOM-shifted
reference field and a fast photodiode, one could detect
beat-frequencies at 2900 MHz, 100 MHz, and 3100 MHz;
using standard electronics, a specific frequency component could be extracted and passed to the locking circuit.
Here, feedback could be made to depend on one sideband,
leaving the other sideband and a significant fraction of
the carrier. The resulting spectrum would be well suited
to driving stimulated Raman transitions.

6. CONCLUSIONS
We have described and demonstrated a Mach–Zehnder interferometer used to separate carrier and first-order sidebands from a phase-modulated laser field, which we have
locked using the Hänsch–Couillaud method. The aim of
this article was twofold. First, we provided a simple
model that allows the interferometer to be understood in
terms of its constituent birefringent and reflective elements. Hänsch and Couillaud did not consider a differential phase-change between the polarizations, but this
arises naturally in our real device and so we have extended their model. We then applied this model to the
analysis of the interferometer used in our experiments;
our results show that the technique is, despite its simplicity, appropriate for this commonly encountered situation.
The polarization-dependent phase delay, originating
from total internal reflection in the corner-reflector of the
Mach–Zehnder interferometer, affects the error signal,
causing an offset at the transmission minimum and leaving the locking scheme sensitive to intensity fluctuations.
These effects can be eliminated by extinguishing one polarization using an internal linear polarizer, leaving the
lock point approximately fixed as phase modulation is in-
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troduced. The slight residual offset of the lock points from
the transmission extrema observed experimentally was
readily corrected by adjusting the photodiode balance,
and the interferometer was easily optimized for a given
input spectrum. An alternative approach accomplishes
this indifference to phase modulation using heterodyne
detection and a frequency-shifted reference light field.
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